Using the formulas and techniques developed in the former papers of this series, the recently developed second-order perturbation theory based on a valence bond self-consistent field reference function (VBPT2) has been extended by using the internally contracted correction wave function. This ansatz strongly reduces the size of the interaction space compared to the uncontracted wave function and thus improves the capability of the VBPT2 method dramatically. Test calculations show that internally contracted VBPT2 using only a small number of reference valence bond functions, can give results as accuracy as the VBPT2 method and other more sophisticated methods such as FCI and MRCI.
I. Introduction
Historically, there are mainly two categories of quantum chemical theories: molecular orbital (MO) theory, which uses delocalized orthonormal molecular orbitals, and valence bond (VB) theory, which adopts nonorthogonal atomic orbitals in contrast. In MO theory, the single-reference methods are based on a single determinant wave function of Hartree-Fock or Kohn-Sham type. In contemporary quantum chemistry, the single-reference methods have been applied to many chemical problems from the electronic structures of atoms to the modeling of biochemical systems. However, such methods may not be adequate for systems exhibiting pronounced multireference (MR) character, for example, in geometries near transition state of potential energy surfaces (PESs), in the dissociation of chemical bonds and in transition metal compounds. In such cases, for the purpose of obtaining accurate results or even reasonable ones, a multiconfigurational (MC) wave function based method is needed. Therefore, the development of MC self-consistent field (MCSCF) methods [1] [2] [3] [4] [5] [6] [7] [8] and the MR post-SCF methods [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] using MC wave functions as reference have been actively pursued for many years. Unlike MO theory, VB theory is a MC theory inborn. However, due to the complexity, which is originated from the use of nonorthogonal orbitals, the development of VB approaches that would possess both quantitative accuracy and acceptable computational cost is much difficult than the corresponding MO ones. Thus, for the purpose of regaining the advantages of VB theory, the development of VB methods [14] [15] [16] [17] [18] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] that satisfy the above qualities has become the chief goal for scientists who admire the lucid pictures of both chemical bonding and chemical reactivity provided by VB theory.
In modern VB theory, the valence bond self-consistent field (VBSCF) method, which simultaneously optimizes VB orbitals and structural coefficients, is the analogue of MCSCF method in MO theory. In fact, for a given active space of distributing n electrons among m spatial orbitals, VBSCF is equivalent to the complete active space self-consistent field (CASSCF) method if all the VB structures (or all configuration state functions, CSFs) are involved in the wave function and the same one-particle orbital space is employed. In a similar fashion to the MCSCF method, in which only key CSFs are selected in the total electronic wave function, as one of the advantages of VB approach, involving only a few structures according to chemical intuition is already sufficient to provide the essential characters of chemical bonds and reactions. [40] [41] [42] [43] [44] [45] [46] [47] However, both MCSCF and VBSCF methods were less satisfactory in accuracy in computing bonding energies and energy gaps between electronic states, for which the dynamic electron correlation is important.
As is well known, perturbation theory is an efficient and economical strategy for recovering dynamic electron correlation at the ab initio level. Many variants of MR perturbation approaches have been proposed and widely applied. [18] [19] [20] [21] [22] Since the number of determinants involved in the MR based approaches increases exponentially with the size of active space, the computational cost also increases very rapidly if one uses excited CSFs or VB structures as the basis of the interaction space. To solve this problem, internal contraction technique, which applies replacement operators 70 onto the reference wave function, has been used in many high-level quantum chemical approaches. 13, 23-27, 48-51, 71-74 The advantage of using the internally contracted configurations is that the number of them is only a function of the number of orbitals and is independent of the number of basis in reference wave function.
Different from the MO-based methods, VB methods use nonorthogonal orbitals, resulting in difficulty of formula deduction and the expensive computational cost.
Recently, we applied the internal contraction technique to the nonorthogonal orbitals based VB theory by means of reduced density matrix (RDM) approach. In the first paper of this series (call Paper I hereafter), 75 a more generalized Wick's theorem, called enhanced Wick's theorem, was presented and Hamiltonian matrix elements between internally contracted VB wave functions are explicitly expressed in terms of tensor contractions of electronic integrals and n-body RDMs of the reference VBSCF wave function. In the second paper (Paper II), 76 the RDM-based approach was applied to the VBSCF method, leading to an efficient algorithm for computing the energy gradients with respect to orbital coefficients. As the third, this paper applies the RDM-based approach to the valence bond second-order perturbation theory (VBPT2) method 18 by means of the internal contraction technique, and thus the improved VBPT2 method is named icVBPT2. As shall be seen in this paper, the use of internal contraction technique reduces the computational cost dramatically for the VBPT2 calculation owing to the fact that icVBPT2 avoids the time-consuming calculation of the Hamiltonian matrix elements between excited VB structures.
II. Theory

A. The VBSCF wave function and the block-orthogonalized orbitals
In the VBSCF method, a many-electron wave function is expressed in terms of fundamental VB structures,
where  K may be either a spin-coupled form, called Heitler-London-Slater-Pauling (HLSP) function, or a tableau function, 14, 15 if the spin-free form of quantum chemistry is used.
The form of VB orbitals depends on the requirement of the particular application; they may be localized, delocalized, or semi-localized. Throughout the present paper, 
B. The VBPT2 method
The VBPT2 method 18 was designed for incorporating dynamic electronic correlation energy to the VB theory with an economical way. In this section, the VBPT2 method is briefly reviewed here.
In the VBPT2 method, the wave function is written as the sum of the zeroth-and the first-order wave functions,
where the VBSCF wave function is taken as the zeroth-order reference,
and the first-order wave function is written as a linear combination of the singly and doubly excited structures,  R ,
In Eq. (4), the excited VB structures are generated by exciting the occupied orbitals in the fundamental VBSCF structures into virtual ones. The usage of the above block orthogonalize orbitals 18 ensures the efficiency of VBPT2 method, while keeping the VBSCF energy invariant.
In a similar fashion to MO-based MR perturbation theory, 21, 22 the zeroth-order
Hamiltonian, H
, is defined by using the projectors of the VBSCF target state, P, and the first-order interacting space, Q, and a Fock-like operator, F ,
where E pq in Eq. (9) is the one-body reduced density operator (RDO), and D mn in Eq. (10) is the element of 1-RDM.
Based on the Rayleigh-Schrödinger perturbation theory, the expansion coefficients of first-order wave function and the second-order energy are written respectively as
where E
is the zeroth-order energy,
and matrices H 0
11
, H 01 and H 10 are respectively defined as follow:
Owing to the orthogonality constraints among the different orbital groups, the calculation of H 0 11 and M 0 11 matrices are block-diagonal and can be evaluated by using the Condon-Slater rules. Therefore, the invert of matrix (H 0
) can be computed conveniently. Moreover, no Hamiltonian matrix elements with nonorthogonal orbitals are required after the VBSCF step. Thus, the VBPT2 method is computationally efficient, compared to VBCI. 16, 17 However, the computational cost may still increases too rapidly, in the case that a large number of reference structures are involved in the VBSCF wave function, which results in large block matrices of
and M 0
. In the next section, the internally contraction technique will be applied to overcome this disadvantage.
C. The first-order wave function and the second-order energy in the icVBPT2 method
In the icVBPT2 method, the internally contracted excited wave functions (icEWFs,  pq rs ), which are generated by applying 2-RDOs ( E pq, rs ) onto the reference VBSCF wave function (  (0) ), are used to expand the interaction space. Similar to the CASPT2 method, 21, 22 the interaction space involves the following icEWFs:
The icEWFs generated in Eqs. (16) After removing the redundancy in the space spanned by the icEWFs defined above, the remaining eigenvectors, denote as { 
}, are used to expand the first order wave function,
where  
is the icEWFs in Eqs. (16), and d and U are respectively the eigenvalues and eigenvectors of matrix S,
The projector of the first-order interaction space can be expressed as
Because the block orthogonalities of orbitals, matrix S has also a block diagonal structure. Thus its diagonalization can be accomplished by diagonalizing a few small block matrices, (see Appendix A).
Using the first-order wave function in Eq. (17), and substituting the projector Q defined in Eqs. (20) into the zeroth-order Hamiltonian, Eq. (5), similar to Eq. (11), one has the working equations of icVBPT2 method,
. (23) Thus, the second-order energy is expressed as
For the purpose of reducing the computational cost, the inactive-inactive and virtual-virtual blocks of the generalized Fock matrix is further transformed separately to a diagonal form, (i.e. the quasi-canonical form 21 ), and the off-diagonal elements between different type orbitals, namely the inactive-active, inactive-virtual, and active-virtual blocks, are neglected. With this approximation, the interaction matrix of the first-order wave functions, W, has a block-diagonal structure, the same as the overlap matrix S. Thus, solving the linear equation for the first-order correction coefficients, Eq. (21), is reduced to the diagonalization of these small block matrices, avoiding the direct evaluation of the invert of matrix W. More details on the above procedure can be found in the CASPT2D method. 21 For the purpose of illustrating, the zeroth-order Hamiltonian matrix elements between two icEWFs of Eq. (16f), and the Hamiltonian matrix elements between icEWF of Eq. (16f) and the reference wave function are presented in Appendixes B and C, respectively.
From Appendixes A to C, one can be seen that no more matrix elements between the excited VB structures are required in the icVBPT2 method. Alternatively, by using the RDM-based approach, the W and V matrices are expressed in terms of tensor contractions of the RDMs and integrals and this can be performed quit efficiently at a cost independent of the number of reference structures. As a result, the icVBPT2 method is computational more efficient than VBPT2, especially when large number of structures are involved in the reference wave function. This is primarily because that the internal (Eqs. 16a and 16d) and semi-internal (Eqs.
III. Test calculations
16b, 16e and 16g) excited wave functions are also considered in the icVBPT2 method.
The importance of such excited state functions in the CASPT2 method has long been recognized by Roos et al. 21, 22, 87 However, for the VBPT2 method, the corresponding excited VB structures may be not important, especially when all VB structures are involved in the reference VBSCF wave function. It is obvious that the more VB structures used in the reference wave function, the better value of D e is obtained. It is interesting to note that the icVBPT2 method is less sensitive to the number of reference VB structures, compared to VBPT2. This is another benefit of using internal contraction technique besides the less computational cost. By and large, icVBPT2
can produce accurate results in the cases that the VBSCF wave functions are qualitatively correct.
B. Diels-Alder reaction of 1, 3-butadiene and ethylene
The Diels-Alder (D-A) reaction [88] [89] [90] is one of important organic chemical reactions, which has been widely used in synthetic organic chemistry as a reliable method for forming 6-membered systems. This reaction has been extensively studied using both experimental and theoretical methods. In paper II 76 we applied the VBSCF method to study the simplest D-A reaction of 1, 3-butadiene and ethylene. Although VBSCF method can provide useful insights into this reaction, it is unable to produce accurate reaction barrier (E ≠ ) and reaction enthalpy (ΔH). For the purpose of testing whether VB theory can produce accurate results besides the chemical insights, in this paper, these two quantities are revisited by using the icVBPT2 method. Through the whole calculations, the molecular geometries, basis functions, and VB structures are all taken from paper II. All in all, the icVBPT2 method not only gives reaction barriers of D-A reaction in good agreement with the highly accurate MRAQCC method, but also produces accurate reaction enthalpies.
C. Potential energy curve of C 2
The C 2 molecule, which might be regarded as a bridge between inorganic and organic chemistry, is commonly found as an intermediate in combustion reaction 92 and is central to the interstellar chemistry.
93-95
Because of the difficulties arisen from the complicated coupling of the eight valence electrons in C 2 , single-reference methods were proved to be deficient to provide accurate spectroscopic constants and especially the potential energy curve (PEC) of the dissociation. A variety of high-level ab initio methods, such as FCI, 96 MRCI, 97, 98 MRPT 98 and many others, 99, 100 have been applied to investigate the electronic structures of the ground and the low-lying electronic excited states of C 2 . Moreover, the nature of the bonding in the ground state of C 2 has long been a subject of interest to chemists. 45, 46, [101] [102] [103] Nevertheless, this topic is beyond the purpose of this paper, our main concern here is that, in addition to its ability for gaining chemical insights, whether or not ab initio VB approaches can provide accurate potential energy surface for C 2 .
In the VB calculations, the same geometries and basis functions are taken as in the FCI calculations of Abrams and Sherrill. It can be seen from Table 3 that the use of dynamic structure set for VBSCF calculation is very efficient. The energies of VBSCF and CASSCF are virtually identical to each other, with the maximum deviation of about 1 mE h occurs at the bond distance of 1.9 Å. However, the maximum number of VB structrures involved in the VBSCF wave function is only 344, which is only about a half of the number of symmetric adapted CSFs (660) used in the CASSCF method. From Table 3 and The NPEs of VBSCF and CASSCF methods are 14.3 mE h and 15.1 mE h , respectively, as can be seen from Table 3 .
Nevertheless, it can be seen from Figure 2 by perturbation theory. Indeed, the maximum error of icVBPT2 method is only 18.0 mE h , which is significantly smaller than the value of VBSCF by more than 100 mE h .
The more important consequences of covering dynamic correlation are that it significantly reduces the NPE values from 15.1 mE h at the VBSCF level to 8.9 mE h at the icVBPT2 level, and the icVBPT2 error curve is much more smooth than the VBSCF one, as can be seen from Figure 2 . It is interesting to note that the NPE value of icVBPT2 is even better than the CASPT2 value (9.2 mE h ), even though the VBSCF method has a larger NPE value than the CASSCF method.
Figs. 1 and 2 near here
The above calculations show clearly that the VBSCF method, whose number of VB structures is much smaller than the number of CSFs in CASSCF method, can produce qualitatively correct results and is also able to serve as a good reference wave function for further treatment of dynamic electronic correlation. And the icVBPT2 method can provide a reasonably balanced descriptiton of the nondynamical and dynamic correlation effects, which is essential for the acurrate calculation of the whole potential energy curve of the C 2 molecule.
IV. Conclusion
In this paper, by applying the nonorthogonal RDM-based approach presented in It is worthwhile to mention that as a multi-reference method, icVBPT2 also suffers from the problem of intruder state. This problem can be remedied by using the level-shift technique. [104] [105] [106] It is well known that the accurate calculation of individual VB structure is very important for VB method. The developments of these topics in icVBPT2 method are currently under consideration.
Electronic supplemental material
The spectroscopic constants calculated by VBSCF and icVBPT2 methods with in paper I gives the overlap matrix element of two icEWFs.
Because the block orthogonalities of orbitals, Eq. (A1) can be further simplified.
Here for the purpose of illustration, we will present the matrix elements between two icEWFs given in Eq. (16f) as an example.
Using the properties of RDMs (for more details, see section II.D in paper II), Eq.
(A2) can be further reduced as 
Similarly, one can prove that the overlap matrix elements between icEWFs of different subspace in Eqs. (16) 
Because of the neglect of off-diagonal matrix elements of generalized Fock matrix between different orbital subspaces, this matrix has the same block-diagonal structure as the overlap one. Thus, it can be proved that the zeroth-order Hamiltonian matrix elements between icEWFs of different subspaces in Eqs. (16) 
Now, using Table I in paper II, one has the final expression, 
